A model independent Lévy expansion method is introduced to describe nearly Lévy shaped squared moduli of Fourier transforms. We apply this method to precisely characterize the most recent elastic scattering data of proton-proton collisions at √ s = 13 TeV. The results reveal a substructure of protons, which is found to be significantly larger and darker in high energy proton-proton collisions at the TeV scale, as compared to a rather faint and apparently overlooked substructure, that we also identify in elastic proton-proton scattering at the ISR energy range of √ s = 23 − 62 GeV.
Introduction -Lévy stable distributions are ubiquitous in Nature. They correspond to the applicability of generalized central limit theorems, when the final distribution is a convolution of several apparently random elementary processes [1, 2] . In high energy particle physics, squared modulus of a Fourier-transformed source distribution may have an approximately Lévy (or, stretched exponential) shape for example in the analysis of the two-particle Bose-Einstein correlation functions [3] , as well as in the case of the differential cross-section of elastic scattering at low four-momentum transfers [4] .
Recently, the TOTEM collaboration presented preliminary data on elastic proton-proton scattering [5] at the Large Hadron Collider (LHC) energy of √ s = 13 TeV, the currently largest collision energy ever achieved in a laboratory experiment. The precision and the range of this data set provides a challenge for a statistically acceptable, quantitative description, which is a precondition for a reliable imaging process that aims to determine also the statistical significance of the analysis results.
Here we present a precise imaging of this TOTEM data set with the help of a novel and model-independent Lévy expansion method, that has its roots in precision analysis of Bose-Einstein correlation functions in high energy particle and heavy-ion physics [6] [7] [8] . The results reveal not only the structure (the impact parameter dependent shadow or inelastic profile function) of the protons on the femtometer scale, but for the first time the shadow profiles of a substructure inside the protons is also reconstructed and its energy evolution is investigated from the top TeV LHC collision energy of √ s = 13 TeV down to the lowest ISR energy of 23.5 GeV.
Formalism -The differential cross-section of elastic scattering is proportional to the modulus square of the elastic scattering amplitude. The TOTEM Collaboration established [5, 9] , that this differential cross-section deviates significantly from a simple exponential shape, dσ/dt = A exp(−B|t|) at low values of the four-momentum transfer
We introduce the exponent α to characterize this deviation by a single parameter, so we assume that to leading order,
This form is frequently called as the Fourier-transform of a symmetric Lévy-stable source distribution, sometimes also called as a stretched exponential distribution. We have recently shown that this approximation with fixed α = 0.9 gives a statistically acceptable description of proton-proton elastic scattering at low-t from √ s = 23.5 GeV to 13 TeV [4] .
At larger absolute values of the four-momentum transfer t, an interference or dip-bump structure is also apparent in these differential cross-sections, that indicates a rather significant deviation from the symmetric Lévy source distributions and from the approximate applicability of generalized central limit theorems.
To quantify the deviations from a symmetric Lévy source distribution, let us utilize an orthonormal series expansion, with complex coefficients c i , where the Lévy polynomials are introduced with the help of a Gram-Schmidt orthonormalization as follows:
as detailed in Ref. [4] . Here, w(z|α) stands for the Lévy stable weight function, the dimensionless variable z is |t| multiplied by the Lévy scale parameter R squared. The real and the imaginary parts of the expansion coefficients are denoted by a i and b i , respectively, and l j (z|α) stands for the normalized Lévy polynomial of order j.
The n-th moment of w(z|α), µ α n is
where Γ(x) = ∞ 0 dz z x−1 e −z stands for Euler's gamma function. The Gram-determinants
The normalized Lévy polynomials l j (z|α) are introduced in terms of the Gram-determinants and the unnormalized Lévy polynomials [4] as follows:
In this equation the unnormalized Lévy polynomials are denoted as L i (z | α). These poly-nomials were introduced in Ref. [8] and are defined as follows:
Observables -The elastic differential cross-section is related to the modulus squared
Fourier transformed elastic scattering amplitude T el (∆) as
We may assume, that the elastic scattering amplitude is predominantly imaginary at high energies. In this case, the zeroth order normalization coefficient can be absorbed to the overall normalization coefficient A, and the following Lévy expansion is obtained for the complex-valued elastic scattering amplitude T el (∆):
The total and elastic cross-sections are given as
The ratio of the real to imaginary parts of T el at t = 0 is
Imaging on the femtometer scale -The angular distribution of elastic scattering provides pictures of the elastically scattered particles in impact parameter or b space. For spin independent processes,
is the impact parameter dependent elastic scattering amplitude, where ∆ ≡ |∆|, b ≡ |b| and J 0 (x) is the zeroth-order Bessel function of the first kind. This t el (b) can also be represented in an eikonal form as where Ω(b) is the so-called opacity function, which is in general complex. Images of the protons are given by the P (b) shadow profile or inelastic profile functions:
where Ω(b) stands for the opacity function (known also as the eikonal). This way, the rather fundamental results of multiple diffraction theory [10] when powered with the help of the newly found Lévy expansion of the elastic scattering amplitude, together make it possible now to perform a high precision optical imaging of elastic hadron-hadron scattering and obtain pictures of the (sub)structure(s) of the protons on the femtometer scale. Tables I and II. 13 TeV in Fig. 1 . These data span 10 orders of magnitude on the vertical scale, indicate a nearly exponential cone region at low values of the four-momentum transfer t, that is followed by a dip and bump structure and a secondary tail. The Lévy expansion has a confidence level CL = 2 %. This indicates that the Lévy expansion represents these data in Table I . However, images of proton-substructures at the LHC energies of 7 and 13 TeV are significantly darker and larger, see also Table II. an acceptable manner. As far as we know, the precision of this data set is unprecedented in the field of elastic scattering in high energy physics and its description on a quantitative, statistically acceptable manner remains a challenge at present for all other, model dependent attempts. At √ s = 13 TeV, the maximal measured four-momentum transfer values are −t max ≈ 4 GeV 2 . This allows for a minimal spatial resolution of / √ −t max ≈ 0.1 fm, and makes it possible to resolve some of the substructures inside the colliding protons at LHC energies. The model independent Lévy expansion technique is also well suited to describe earlier measurements of elastic proton-proton scattering with √ s ranging from 23.5 GeV to 7 TeV, as detailed in Appendix A of Ref. [4] .
Results -
Each of the differential cross sections, summarized in Fig. 2 , lack secondary dip and bump structure. As far as we know, the significance of this observation was noted first in
Ref. [11] . As we detailed in Ref. [4] , the data at −t larger than the dip and bump region are described in a statistically acceptable manner with a zeroth order Lévy fit, corresponding A corresponding substructure is reconstructed inside the proton with the help of Eq. (17) as indicated in Fig. 3 . At ISR energies, this substructure is very faint, with maximum value of P (b = 0) of about 0.05. Apparently, there are no statistically significant differences among the faint shadows of these proton substructures in this ISR energy region of √ s = 23.5 to 62.5 GeV. A significantly different, larger and darker substructure is however found in elastic proton-proton collisions at 7 TeV. Increasing the center of mass energy from 7 to 13 TeV, the same kind of larger and darker substructure is observed again, with a size that does not grow significantly from 7 TeV to 13 TeV, but has a significantly darker shadow, as shown in Fig. 3 .
The zeroth order Lévy fit parameters that characterize the secondary cone region and the corresponding substructures at various collision energies are summarized in Tables I,II The Lévy stable distributions are ubiquitous in Nature, with applications in probabilistic models, correlated systems and fractals, anomalous diffusion and chaos, physics, radiophysics, astrophysics, stochastic algorithms, quantitative finance, biology and geology [1] .
Hence, we may reasonably hope that the model independent method that we have presented here can also be successfully applied in broad areas of quantitative sciences to search for and to quantify the deviations from Lévy distributions for positive definite observables.
